Abstract. Let f be a weight two newform for Γ 1 (N ) without complex multiplication. In this article we study the conductor of the absolutely simple factors B of the variety A f over certain number fields L. The strategy we follow is to compute the restriction of scalars Res L/Q (B), and then to apply Milne's formula for the conductor of the restriction of scalars. In this way we obtain an expression for the local exponents of the conductor N L (B). Under some hypothesis it is possible to give global formulas relating this conductor with N . For instance, if N is squarefree we find that N L (B) belongs to Z and
Introduction
Let C be an elliptic curve defined over Q. The Shimura-Taniyama-Weil conjecture, also known as the modularity theorem after its proof by Wiles et al. [15, 3] asserts that there exists a surjective morphism J 0 (N )→C defined over Q, where J 0 (N ) is the Jacobian of the modular curve X 0 (N ). Moreover, the minimum N with this property is equal to N Q (C), the conductor of C.
A generalization of the modularity theorem, which as Ribet showed in [12] is a consequence of the recently proved Serre's conjecture on residual Galois representations, characterizes the modular abelian varieties over Q; that is, the Q-simple abelian varieties A defined over Q with a surjective morphism J 1 (N )→A. They are the so-called (simple) varieties of GL 2 -type: those whose endomorphism algebra Q ⊗ End Q (A) is a number field of degree over Q equal to dim A.
From the modular form side, one can start with a weight two newform f for Γ 1 (N ). A construction of Shimura attaches to such an f an abelian variety A f over Q, which is a quotient of J 1 (N ); in fact, all quotients of J 1 (N ) over Q are of this form. For these varieties Carayol [5] proved that N Q (A f ) = N dim A f . The generalization of Shimura-Taniyama-Weil asserts that each abelian variety of GL 2 -type is isogenous over Q to an A f for some f , therefore the formula N Q (A) = N dim A is valid for all A of GL 2 -type.
The modular abelian varieties A f are simple over Q, but they are not absolutely simple in general: they are isogenous over Q to a power of an absolutely simple variety, which is called a building block for A f . To be more precise, if L is the smallest number field where all the endomorphisms of A f are defined, then A f is isogenous over L to a variety of the form B n , for some absolutely simple variety B defined over L. In this article we discuss possible generalizations of Carayol's formula for these modular abelian varieties over number fields B/L, in the case where they do not have CM.
More concretely, in section 2 we recall the notation and basic facts regarding modular abelian varieties and building blocks. Afterwards, we give the explicit decomposition of the restriction of scalars Res L/Q (B) as as product of modular abelian varieties up to isogeny over Q. We use this in section 3 in order to give an expression for the local exponents of N L (B), in terms of the levels of certain twists of f by Dirichlet characters related to the field L. In some cases, the conductor N L (B) turns out to be a rational integer and we obtain similar formulas to the ones for the varieties A f ; we remark that in this situation the conductor of L, that we denote by f L , also appears in the expressions. We have collected all these formulas, that appear in the text as propositions 8, 10 and 11, in the following Main Theorem. Let f ∈ S 2 (N, ε) be a weight two newform for Γ 1 (N ) with Nebentypus ε and without complex multiplication. Let A f be the modular abelian variety attached to f , let L be the smallest field of definition of the endomorphisms of A f , and let B/L be a simple quotient of A f over L.
(1) Suppose that one of the following conditions is satisfied:
• N is odd and ord(ε) 2,
Finally, in section 4 we provide some examples of building blocks of dimension one and two with their corresponding equations. Concretely, for the case of dimension one we compute their conductors, in order to show the different behaviors when the hypothesis of the above theorem are not satisfied. We observe that, although the conductor can be a rational integer sometimes, formulas as the ones in the theorem do not always hold; we also give examples where the conductor is not a rational integer. For the case of dimension two, the level-conductors local formula provided at Proposition 5 allows us to compute the conductor of the Jacobian of a genus two curve defined over a number field that corresponds to a building block.
Modular abelian varieties
We begin this section by recalling the basic facts about modular abelian varieties and their absolutely simple factors that we will use. In particular, we introduce the type of varieties that we will be dealing with in the rest of the article: the building blocks. Our goal is to prove a formula for the restriction of scalars of building blocks, which will be the base for our analysis of their conductors in the subsequent sections.
Let f = a n q n ∈ S 2 (N, ε) be a normalized newform without complex multiplication of weight 2, level N and Nebentypus ε, and let E = Q ({a n }) and
These number fields will be denoted by E f and F f if we need to make the newform from which they come from explicit. The extension E/F is abelian, and for each s ∈ Gal(E/F ) there exists a single Dirichlet character χ s such that s f = f ⊗ χ s , where f ⊗ χ s is a newform whose p-th Fourier coefficient coincides with a p χ s (p) for almost all p (see [11, §3 ] ). Since s f has level N , the conductor of χ s is divisible only by primes dividing N . We will also consider another number field attached to f , namely L = Q ∩ ker χs where s runs through Gal(E/F ).
Shimura [13, Theorem 1] attached to f an abelian variety A f /Q constructed as a quotient of J 1 (N ), the Jacobian of the modular curve X 1 (N ), and with an action of E as endomorphisms defined over Q. In fact, Q ⊗ Z End Q (A f ) ≃ E and since dim A f = [E : Q], the modular abelian varieties A f are of GL 2 -type; as a consequence of Serre's conjecture all varieties of GL 2 -type are isogenous to some A f .
The variety A f is simple over Q, but it is not necessarily absolutely simple. In general, A f is isogenous over Q to a power of an absolutely simple abelian variety B, which is called a building block of A f . This B has some remarkable properties; for instance, it is isogenous to all of its Galois conjugates. In addition, its endomorphism algebra Q ⊗ End(B) is a central division algebra over a number field isomorphic to F , it has Schur index t = 1 or t = 2 and its reduced degree t[F : Q] is equal to dim B. The building blocks of dimension one are the Q-curves, i.e. the elliptic curves B/Q that are isogenous to all of their Galois conjugates.
There are infinitely many varieties A f with the same absolutely simple factor up to isogeny. However, by a result of Ribet [11, Theorem 4.7] if this happens for two varieties A f and A g we can suppose that g is the twist of f by some Dirichlet character. We will need a more precise version of this result, which already appears implicitly in Ribet's proof. 
where T ℓ (A f ) and T ℓ (A g ) are the Tate modules attached to A f and A g respectively, and let H = Gal(Q/K). Under the hypothesis of the proposition we have Hom H (V f , V g ) = 0. By [11, Theorem 4.7] , there exists a character χ :
Ribet already asserts in the proof of his theorem that χ is necessarily trivial on H. Therefore, χ comes from a character χ : Gal(K/Q)→C × .
González and Lario proved in [8] that L is the smallest number field where all the endomorphisms of A f are defined. This implies that A f ∼ L B n , with B/L a building block with the endomorphisms defined over L and which is L-isogenous to all of its Galois conjugates. From now on B will denote such a building block obtained by decomposing A f over the field L defined above, and t will denote the Schur index of End(B). Using the results in [7] one can show that the restriction of scalars Res L/Q (B) is isogenous over Q to a product of modular abelian varieties. Indeed, one has the following
Proposition 2. The restriction of scalars Res L/Q (B) decomposes into simple abelian varieties up to isogeny as
where A f1 , . . . , A fr are non-isogenous modular abelian varieties.
Proof. There exists a map α : Gal(L/Q)→E × such that σ ϕ = α(σ) a ϕ a α(σ) −1 . The α(σ) can be identified with an element of Q ⊗ End Q (A f ), and together with an isogeny A f ∼ L B n it can be used to construct an isogeny µ σ : σ B→B compatible with End(A f ) (see [10, Proposition 1.5] ). It turns out that µ σ a σ µ τ a µ
where the A i are non-isogenous abelian varieties of GL 2 -type. But each of these varieties of GL 2 -type A i is isogenous to some modular abelian variety A fi , and by [7, Lemma 5.1] each n i is equal to t.
The rest of the section is devoted to give an explicit expression for the modular forms that appear in (1), in terms of a certain action of Gal(E/F ) on a group of characters that we now define. For s ∈ Gal(E/F ) let χ s be the Galois character such that s f = f ⊗ χ s , and let G ⊆ Hom(G Q , C × ) be the group generated by all such χ s . Since L is the fixed field of Q by ∩ s ker χ s , it is also the fixed field of Q by ∩ χ∈G ker χ. However, we remark that a character χ ∈ G is not necessarily of the form χ s , but a product of elements of the form χ s in general. An element χ ∈ G is trivial when restricted to Gal(Q/L), so it can be identified with a character Gal(L/Q)→C × . In fact, G can be identified with Hom(Gal(L/Q), C × ) and therefore we have that
The cocycle identity of the characters χ s ( [11, Proposition 3.3 ] ) implies that it is indeed a group action, since for s, t ∈ Gal(E/F ) we have that s
LetĜ be a system of representatives for the orbits of G, and for χ ∈ G let I χ be the isotropy subgroup of G at χ.
Proof. For s ∈ Gal(E/F ) the character χ s takes values in E, since χ s (p) = s a p /a p for almost all p. Therefore, any χ ∈ G also takes values in E. This implies that E f ⊗χ , the field of Fourier coefficients of f ⊗ χ, is contained in E. For any s ∈ I χ we have that
By Galois theory we find that I χ ⊆ Gal(E/E f ⊗χ ) and so
Now we can give explicitly the modular forms appearing in proposition 2, and we can also give the dimension of the corresponding modular abelian varieties.
Proposition 4. The inequality in lemma 3 is in fact an equality and
. Therefore, if A g is a simple factor of A over Q it isogenous to a power of B over L. Since A f is also isogenous to a power of B over L, proposition 1 implies that g = f ⊗ χ for some Galois character χ ∈ G. Hence, the modular forms f i of the decomposition (1) 
Therefore, proposition 2 implies that there exists an exhaustive morphism over Q λ :
so we have that
We see that each inequality is in fact an equality, and λ is an isogeny since the dimensions of the source and the target are the same.
Level-conductors formulas
As in the previous section we consider a newform f ∈ S 2 (N, ε) and a decomposition A f ∼ L B n of A f into a power of a building block B defined over the field L, and we continue with the same notation as before with respect to the endomorphism algebra of B; namely, F is its center and t its Schur index. In this section we use the decomposition (2) to compute the local exponent of the conductor of B. In some particular cases we prove that the conductor belongs to Z (i.e. it is a principal ideal generated by a rational integer), and we are able to give a global formula for it involving the conductor of L and the level of f . We denote by N L (B) the conductor of B over L, by f L the conductor of L and by N L/Q the norm in the extension L/Q. If χ is a character belonging to G, we also denote by N χ the level of the newform f ⊗ χ and by f χ the conductor of χ. For a prime q, v q (x) denotes the valuation of x at q and χ q the q-primary component of χ.
Proposition 5. For each rational prime q we have that
Proof. By applying the formula of [9, Proposition 1] for the conductor of the restriction of scalars to (2) we obtain that
where d L/Q is the discriminant of L/Q. By a theorem of Carayol ([5] ) the conductor of a modular abelian variety A g is N dim Ag g , where N g is the level of the newform g. Using this property and the conductor-discriminant formula (cf. [14, p. 28 
from which (3) follows by taking valuations at q.
Each prime q dividing q appears in N L (B) with the same exponent (see the proof of lemma 7). This observation together with (3) gives a way of computing the local exponents of N L (B) in terms of the levels N χ . In almost all cases [1, Theorem 3.1] can be used to compute the levels of the twisted newforms. Under some hypothesis one can also perform directly the computation, as in the following: Lemma 6. If ord(ε) 2 then for all primes q = 2 we have that
Proof. First of all suppose that v q (f L ) = 0. Then for each χ ∈ G we have that v q (f χ ) = 0 and (4) follows from (3) since v q (N χ ) = v q (N ) for all χ ∈ G and |G| = [L : Q]. Suppose now that v q (f L ) = 0. This means that there exists an element s ∈ Gal(E/F ) such that v q (f χs ) = 0. But χ s is a quadratic character since the relation s f = f ⊗ χ s implies that χ 2 s = s ε/ε = 1. So χ s,q , the q-primary part of χ s , is the unique character of order 2 and conductor a power of q, that we denote by ξ q . Since ξ q has conductor q we see that
, because the level of f ⊗ χ s is the level of s f which is N . Plugging all this into (3) one obtains (4).
Lemma 7. N L (B) belongs to Z if and only if
. This means that if q 
Proof. By lemma 6 for each prime q we have that
, and by lemma 7 this implies that N L (B) belongs to Z. In consequence,
, and using this in (4) 
Since this holds for all q, the proposition follows.
Remark 9. If dim A f = 2 and ord(ε) 2, then either A f is absolutely simple or it is isogenous over a quadratic number field L to the square of a Q-curve B/L. In the second case it is always true that N L (B) belongs to Z and N L (B)f L = N . This follows by applying Milne's formula to the restriction of scalars of B, for which we have that Res L/Q (B) ∼ Q A f . Proposition 8 might be seen as a generalization of Carayol's formula N Q (A f ) = N dim A f for modular abelian varieties. As we will see this formula does not generalize to arbitrary newforms; in other words, our hypothesis on the parity of N and on the order of the character are necessary. However, for modular forms on Γ 0 (N ) and with arbitrary N it is still true except for a factor 2, that appears or not depending on the field L.
In particular, if v 2 (N ) 4 the second formula holds.
Proof. Since ε is trivial the character χ s is quadratic for all s ∈ Gal(E/F ), so that any χ ∈ G is quadratic. Define the set P 2 = {χ 2 | χ ∈ G}, which has cardinal 4 because the set of quadratic characters of conductor a power of 2 is isomorphic to Z/2Z × Z/2Z. Observe that the condition v 2 (f L ) = 3 and v 2 (f K ) = 2 for some K ⊆ L is equivalent to |P 2 | = 4. We begin by proving the second formula in the statement, which corresponds to the case |P 2 | 2.
If 2 | f L , then for each s ∈ Gal(E/F ) the character χ s,2 is either trivial or quadratic, so that the set P 2 can have cardinal 2 or 4. Suppose first that |P 2 | = 2, and fix an s such that χ s,2 ∈ P 2 . Then for
. Now with the same reasoning as in lemma 6 we find that (6) also holds in this case. This, together with lemma 6 implies that the formula
is true for all q. Arguing as in the proof of proposition 8 this implies the second formula of the statement. Suppose now that |P 2 | = 4. If we denote by ξ and ψ the quadratic characters of conductor 8, then ξψ is the quadratic character of conductor 4 and P 2 = {1, ξ, ψ, ξψ}. Define G ξ = {χ ∈ G | χ 2 = ξ}, and similarly for the other characters define G ψ , G ξψ and G 1 . Each one of these sets has cardinal |G|/4. If χ belongs to G ξ or G ψ , then v 2 (f χ ) = 3, while if χ belongs to G χψ then v 2 (f χ ) = 2. Therefore the relation (3) gives
and since now v 2 (f L ) = 3 we arrive at
We see that in this case
As before, for q = 2 formula (7) also holds in this case, so we conclude that now 2
To prove the last statement, let s ∈ Gal(E/F ) and let χ s be the corresponding quadratic character. Then v 2 (N χs ) = v 2 (N ), and if ε = 1 and v 2 (N ) 4 by [1, Theorem 3.1] this is not possible if the conductor of χ s,2 is 8. Therefore χ s,2 is either trivial or the quadratic character of conductor 4, and we see that |P 2 | 2.
We remark that the first case in (10) does occur. For instance, let f be the unique (up to conjugation) normalized newform for Γ 0 (512) such that A f has dimension 4. Using Magma [4] one can compute the characters associated to the inner twists of f ; it turns out that some of them have conductor divisible by 8 and some of them have conductor exactly divisible by 4 and therefore |P 2 | = 4.
Proposition 11. If N is squarefree then for all primes q dividing N we have that
(
Proof. If q ∤ f ε then v q (f χ ) = 0 for all χ ∈ G and then the formula follows easily from (3) . Suppose that q | f ε . Let s ∈ Gal(E/F ) and let χ s be the character such that q . This means that for each χ ∈ G, the character χ q is of the form ε i q for some i. In particular, v q (f L ) = v q (f ε ). Let n = ord(ε q ), and for i = 0, . . . , n − 1 define
The map χ → χε is a bijection between G i q and G i+1 q , and since
On the other hand, for the rest of the values i = 2, . . . , n − 2 then v q (N χ ) = 2 if χ ∈ G i q ; this follows from [1, Theorem 3.1] . Gathering all this information we can rewrite 3 in this case as
and this gives
which is directly the formula for the second case. Finally, the two formulas in the statement can be written as the following expression, which is valid for all q:
This implies that N L (B) belongs to Z and also the formula (8) .
Remark 12. Observe that for squarefree N proposition 11 completely characterizes the places of good reduction of B: a prime q | q is a prime of good reduction of B if and only if q ∤ N or q | f ε .
Examples
In this section we show explicit examples of building blocks of dimension one and two where we compute their conductors. As in the rest of the paper, all the newforms we consider are without complex multiplication.
4.1. Q-curves. All the examples in this paragraph come from modular abelian varieties A f where the corresponding building block B has dimension one. An algorithm to compute equations of building blocks of dimension one is provided by González and Lario in [8] . The equations for the first three examples were computed using that algorithm, and the equations for examples 14 and 15 have been provided by Jordi Quer. The conductor of these elliptic curves have been computed using Magma.
Example 13. Let f be the unique (up to conjugation) normalized newform of weight two, level 42 and Nebentypus of order 2 and conductor 21. We have dim A f = 4 and L = Q( √ −3, √ −7). In [8] it is proved that an equation for B is given by
We have N L (B) = 2 and f L = 21. Therefore we have that the Proposition 8 holds although N is even in this case. 
We have N L (B) = 2 and f L = 16. Therefore we have that 2
Example 15. Let f be the unique (up to conjugation) normalized newform (without complex multiplication) of weight two, level 81 and Nebentypus of order 3 and conductor 9. In this case, dim A f = 4 and L = Q( √ −3, α), where α 3 − 3α + 1 = 0. An equation for the building block is:
We have N L (B) = 3 and f L = 9. Therefore we have that 3
In the above examples the conductors N L (B) turned out to be rational integers. The following example shows that this is not always the case.
Example 16. There are two normalized newforms of weight two, level 98 and Nebentypus ε of order 3 and conductor 7 such that the the associated abelian variety is a surface. In both cases L = Q(α), where α 3 + α 2 − 2α − 1 = 0. To obtain an equation for the building block we are going to proceed in a different way than above. Let f be one of these two newforms. Then, A f ∼ L B 2 and by Proposition 4 we have that Res L/Q (B) ∼ Q A f × A f ⊗ε . Therefore dim A f ⊗ε = 1. In particular, B ∼ L A f ⊗ε . Then, instead of computing an equation of B/L using the González-Lario algorithm [8] we are going to compute an equation of A f ⊗ε over Q. In this case the results of Atkin and Li [1] do not provide the exact level of f ⊗ ε, althought they assert that the level is a divisor of 98 of the form 2 · 7 n . One of the twisted newforms corresponds to the unique (up to Q-isogeny) elliptic curve defined over Q of level 14 and the other one to the unique (up to Q-isogeny) elliptic curve defined over Q of level 98 (they are labelled as 14A and 98A respectively in Cremona's tables [6] or in Antwerp tables [2] ). The equations for these building blocks are: B 1 : y 2 + xy + y = x 3 + 4x − 6, B 2 : y 2 + xy = x 3 + x 2 − 25x − 111.
For i = 1, 2, we have N L (B i ) = 2(α 2 − α − 2) i · O L , which is not an ideal generated by a rational integer.
Genus 2 curves.
In the opposite to the elliptic curve case, there is no implementation of an algorithm to compute the conductor of a genus 2 curve over a number field. For that purpose, Proposition 5 allows us to compute the conductor of a genus 2 curve that corresponds to the building block of a modular abelian variety. The jacobian B = Jac(C) is a building block with quaternionic multiplication, and in [7] it is proved that Res L/Q (B) is isogenous to a product of modular abelian varieties over Q, where L = Q( would hold again. The subfields of L are the quadratic fields Q( √ 2), Q( √ −3) and Q( √ −6), and they correspond to the non-trivial homomorphisms from G to C × . Therefore the conductors of these quadratic fields correspond to the conductors of the non-trivial elements at G. On the other hand, by the decomposition of Res L/Q (B) given above and by [1, Theorem 3.1] we have that N χ = N for all χ ∈ G. Now, Proposition 5 at the primes q = 2 and q = 3 give us the stated conductor of B over L.
